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BY

OTTO SZÁSZ

1. Let the Dirichlet series

00

(1) F(t) = E ft*"*»',        0 < Xi < X2 < • • • , X»-» oo,
>—i

be convergent for t>0. Let, in addition, the limit

(2) lim Fit) = s

exist. It is well known that this is certainly the case whenever the series

J^c converges. But the converse, in general, is not true, as is shown for in-

stance by the example X, = v, c, = ( — 1)',

00

F(t) = Z (- 1)'«"" = - «"'(1 + e-')-1 -* - h as t-*0.
i

Thus we are led to the problem of finding additional conditions which to-

gether with the assumption (2) would assure the convergence of ^c.

Such conditions are the following :

(3)
~/X» — Xn-l\.
01-1 as n —> oo .+

\ Xn /

i i Xn-f-1
(4a)     lim sup       maximum        | sn — sm \ = ^(5) —» 0 as 5 —> 0,-► 1,

»->«    xm(i+j)-igx„gx„(i-(-ä) X„

and

n

(4b) sn = 2 c = 0(1) as » —» oo
>—i

[Landau, 6].

* Presented to the Society, April 20, 1935; received by the editors February 17, 1935.

j- -See Littlewood [7] in case X„+i/X„—>1, Hardy and Littlewood [4] in case

lim inf-> 1,
n—*oo       An

Ananda-Rau [l] for the rest. The numbers in brackets refer to the list at the end of this paper.

117



118

(5)

[Neder,8].

(6)

[Szász, 9 ].

(7)

otto szâsz [January

g(l+í)a¡
Xn+1

lim sup E   I ck | = nib) —► 0 as 5^0,-> 1
*-»« zSX* X„

"n+1

SI c,|"X,»(X, - X,_i)!-» = 0(Xn),  p > I,
y=2 X„

lim inf minimum E c» = </>(á) -+|â0 as ô —> 0

[Szász, 10].

2. The proof of (5) can be reduced to the special case X, = v without using

the condition X„+i/X„—>1. Thus condition X„+i/X„—>1 can be omitted in (5).

Indeed, let

s» a»
E Ck = by,      ¿_^ | ck I =

»-KX* »- KXjt

(»= 1,2, 3, ••• ).

b,\ Ú ß, < via) + o,   for v-> nib),

lim b, = lim ßy = 0,

Then for any 5 >0

so that

(8)

and the series

00

ft) = E M-"
>—i

converges for ¿ > 0. Moreover

7'(0 -   I /« | =

Thus by (8)

CO

I 7^(0 - ft) | á (1 - e~0 E fre-^1'' ^ 0 as / -> 0,

E   E c*(*-x*' - <rrt)
y-X »-KX*

^e j:\cMe
y=l  »-l<Xt

(»-1)1   _   ,,-»(e~").

and, by (2),

(2*)

Since

/(/) —*s as f—» 0.
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and

S(l+S)x S(l+5)i

E I M= £ kl
ig» I— lgXi

(1 + 5)* á (1 + 25)(¡c - 1) for * è-h 2,
5

á(l+S)i

lim sup X  I t>> i = >?(2S) -» 0 as 5 —> 0.

Consequently £&„ converges, which in view of (8) implies the convergence

of 2Zc„.f
3. A similar reduction and generalization is possible for the case (4). Since

the expression e~x*' — e~"' is >0 and monotonely decreasing in k, we have,

by (4a),

£ c*(e -Xti  _  />— ,ter")
y-l<\k

^ (e-(>~i)i — e-")max     Ë c*

á (1 - c-Oe-^^'oíl) as »>-*oo.

Hence again

Fit) - f(t) -* 0, /(/) -► s as t -» 0.

Now on putting £"„.,£>»= ̂ » we have

£» = Z)   X) c* = X) c*>        5« — Bm = 2Z c*> w < m,
,-1 v-KX4 0<Xt n<Xt

and, by (4a),

lim sup      maximum       | Bn — Bm | = ^(5) —» 0 as 5 —» 0.
m-»«o     ffl(l+a)-1gngm(l+5)

We conclude that XX is convergent and from

lim max
X—>DO       Z^P '-KXt

= 0

the convergence of Xe» follows immediately.

The results of Neder and Landau without the assumptions X„+i/Xn—>1 and

(4b) can also be derived from (7), for

minimum J3 c» = — maximum | T"! c„ |.
xâKâ (l+ä)* »S*»ÍU+D»

Finally, in (6) also the restriction X„+i/X„—>1 can be removed. During the

f For a similar argument see Ananda-Rau [3],



120 OTTO SZÂSZ [January

writing of this paper there appeared an interesting paper by Iyer,* where a

proof of this generalization is given. In the present paper I give a proof which

is somewhat simpler, and a further generalization.

4. In what follows it is simpler to use Laplace integrals. We intend to

prove two auxiliary theorems which are of interest in themselves.

Theorem 1. Assume that

(V) Fit) = t f    Aiu)e~u'du converges for t > 0,

(2') Fit) ->í as i->0,

(9) vix) = xAix) -   I    Aiu)du è - Kx,  x > 0,
V 0

where K is a positive constant. Then

1 1   r*
(10) —Aiix) = — I    Aiu)du—+ s as x—*ao.

X X  J o

For the proof we need three lemmas.

Lemma 1. Assumptions (1') and (2') imply that the integral

C "l
Fiit) = / I    —Aiiu)e-Utdu

J 0    u

converges for I > 0 and

(11) Fiit)-^ s as Í-+0.

On integrating by parts in (1') and using (2') we have

Fit) = t2 f  Aii«)e-"du~*s, »->(),
•I 0

where the integral converges absolutely for />0. Hence

/x~2F(x)dx =   I    A\(u)du I    e~"xdx
i " o ^ Í

=   f   — .li(«)c-"'(/7i = 0(— ),  i-»0.

Now

F(0 - Fi(0 = I f   [F(/).- /?(*)] — = t f     +tf     , / < 1,

* [5]. In the proof on p. 112 the author refers to his Theorem 4 in the statement of which the "O''

is to be replaced by "o,'' as is seen from the proof.
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whence

| Fit) - Fi(t) | ^  max   | F(t) - F(x) | + t1'2 \ F(t) \ + 0(t1'2) -* 0,

and so, by (2'), Fi(t)-*s as ¿->0.

Lemma 2. If a(a;)—>0 as x—><x>, then

/aiu)e~utQ

0

(12) / I    aiu)e-utdu —> 0 aï / —>• 0
J o

This lemma is well known.

Lemma 3. Ifxbix)—>0 as x—><x>, and

(13) I    biu)e-"'du-> B as l->0,
•' o

/Ae« the integral f~biu)du exists as an improper integral and

(14) I    b(u)du = B.
Jo

We have

/b(u)du -   I    b(u)e~"'du =        b(u)(l — e-"')du — &(«)«~"'d«

= ff, - 772.

For t = l/x, x—>oo , it follows that

¡ //i| g — f   m|o(«)|¿« = o(l),
X J0

\ ffi\ = o( u-1e-"'xdu\ = o(—  I    e-"lxdu) = o(l).

We now pass on to the proof of Theorem 1. From (2') and (11) it follows that

/••»(«)
t I    -e-"'du-*0 as ¿—>0,

•/o      »

whence

r "/»(«)     \/ I     ( —-h Tí J e—ldu -> K as / -> 0.

By a well known theorem, this and (9) yield

rz/v(u)        \
I    (-1- K 1 du ~ Kx as .v —> °o ,
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or

1 If1 viu)
(15) — $(*) = — I    -du —» 0 as x —> co .

x x Jo     u

Furthermore,
d Aiix)

vix) = xAix) — Aiix) = x2-
dx     x

On assuming, as we may without loss of generality, A ix) = o(x) as x—>0, we

have

A Ax)        c * viu)
(10') -^=        -ifd«,

a; J o    u2

and, on integrating by parts,

/'xv(u)          l                rxvi(u) rx
-du = —vi(x) + 2 I    -¿m;       Di(a;) »  I    v(u)du.

a    u2              x2                   J o    u3                               J o

Thus (11) becomes

(11')       Piit) = f f    (—viiu) + 2 f   ^-dr)e-"du-^s, /->0.
Jo    \M2 Jo     r3 /

But on integrating by parts we have by (15)

(16) Viix) = x$(x) —   I     <$(u)du = o(x2) as at —» °o ,
Jo

whence, by Lemma 2,

< I    u-2vi(u)e~utdu-» 0 as /—»0.
J 0

Now from (11') it follows that

2* I     M   r-*»i(r)¿r Je-u'¿w-»s as í—>0,

or, on integrating by parts again,

2 I    u-3vx(u)e-"'du—> s as *—>0.
J 0

Lemma 3 shows that

2  I    u~3vx(u)du = 5,
Jo
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whence, by another integration by parts and by (16),

/u~2v(u)du = s.
o

Combined with (10') this proves Theorem 1.

5. In order to apply this result to the series (1) put

Xo = 0, So = 0,

A(x) = sn for Xn ̂  x < X„+i (» = 0, 1, 2, • ■ • )•

A summation by parts yields sn = o(ex"'), t>0, and

00 _ 00

Fit) = X) i»(«"x'' - <rW) = t I    Aiu)e~utdu, t>0.
,—i J o

Furthermore, for Xn ̂  x <Xn+i,

/■ x n
A iu)du = £ (X, — X,_i)sv_i + ix — X„)s„

o ,-i

n

— £ (* — X,)c, = 23 (* — X,)cF.
j-=l Xy<x

Thus it appears that (l/x)fx0A(u)du is the typical mean (R, X) of the first

order of the series Xe»- Again

n n

v(x) = X„s„ — X) (Xr — X„_i)s„_r = £ X..C,  X„ SÏ a; < X»+i,
1—1 »=.1

or

v(x) = 2Z XkC».
X,áx

Now assume

(17) ». = ¿ X,cy 2? - KXn (n= 1,2,3,-■■).
,-1

Then

v(x)       v„ KXn

XX X

and Theorem 1 yields

Theorem 1'. Conditions (1), (2) and (17) imply

(18) X) (* — X„)c„ =   I    A(u)du ~ s»,  ¡c—> oo .X^ (x — X„)c =   I    A(u)di,
K,<x Jo
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6. Next we prove

Theorem 2. Let

(18)

and let

(6')

Then

E (x — K)C, ~ SX,    ï^œ,
X,<i

E   l    Cy\P\?(\y    -    \y-iy~"    =    0(X„)     OS     «  ~>    =0   ,       />    >     1 .
»-2

5„ = A (\„) -^> s as n —» oo .

We start with the identity

/> (l+ä)X„ /»Xn /. (l+i)X„

A iu) du —   J     A iu) du —   I [^(m) — ̂ (X„)]¿m,
0 Jo J X.

or

I f. (1+5)X„
s» = -,-— ^

(l+o)X„J0

1 + 5       1   fx» 1
m)¿m-I    Aiu)du —

S X„ J n 5

5X„ J x»

(19)

Here

(20) A(u)-Ai\.)

and

(1 + S)\

I        r. (1+S)X„

[Aiu) - Ai\n)]du,  S > 0.
Jx.

E cn+»,     X„+fc  ^   U   <  Xn+fc+1,    Ä è   1»
»=1

n+*

E f-»
»=n+l

0,

n+i

X„ ^ M  < XB+i,

=  ^_( I c» I — 2-1 I '» I X„(X„      X»_i)'
»—n+l »~n+l

, (X, - X,-,)1'»'-lip'-

X»

By Holder's inequality and by (6'),

VM    i/iii^r'A Wp'i    v        ^
¿^ I  C, I   —  U[A„+,tA„+i(A„+*  —  An) J,      fi    —
n+l P-I

Since X„+jt ̂ « ^ (1 + 5)X„, we have

EU» | =0[(1 + á)1'»51'»'] =0(51/»'),
n+l
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and

A(u) - A(Xn) =0(5""'),  X„ < u S (1 +5)X„,  n -^ oo .

For a fixed 5 it follows from (18) and (19) that

lim sups. ^ s + 0(ôi'p'),
n—»oo

and, on allowing 5—>0,

lim sup sn ^ s.
n—»oo

A similar argument shows

lim inf s„ =ï s,

which completes the proof of Theorem 2.

Theorems 1 ' and 2 immediately yield

Theorem 3. Condition (2) and (6') imply that^"cv converges to s.

It is plain that (6') implies the convergence of (1) for />0. It remains

only to observe that (6') implies (17). Indeed

H n

X x„| c,\ = £ X,| c,\ (X, - Xv-i)-lip'iX, - Xr-i)ilp'
v-1 1

= ( £1 c,\'\?(X, - X,_i)'-»J    (  X (X, - X.-i)j

= 0(xri/p') = o(x„).

7. Another generalization of (6) is

(6")        £ ( I c» I - c,)*\r(\, - x„_I)I-p = 0(Xn), p > 1, »-* oo ,
1

while

(21) lim inf c» ^ 0.*
n—»oo

It can be derived from (7), but we can prove it directly, by an argument used

above.

First we have

* If X„+i/X„—>1, then (21) is a consequence of (6") as will be shown later (cf. (21'))- For the case

X„-» cf.Saáss. [il].
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- ¿ Key S ¿ X,( | c, | - c,) g i ¿ ( | c, | - c,)PA,iX - X,_i)1_PI   \nVp'
11 L  i J

= 0(X„).

Hence by Theorem 1', (1), (2) and (6") imply

E (x — r\i)Cy =   I    A(u)du = Ai(x) ~ SZ,   X —> CO .
x„<x Jo

Next we have

n+ A n+ ft

E c- = E ( I c> I - c»)
n+l n+1

n+k ,    _-|l/p

n+l

rn+* i- ~ii/p _i i/ »
E ( I c* I ~ c») X»(X, — A„_i) X„+i(X„+jb — X„)     ,

L n+l J

- f " [A (u) - A (\„) ]du i% 0(X„+tX„+iXn/P'o1/P') = 0(bVP'),
5X„ Jx.

hence by (20)

1       /* (l+«)X„

oX„Jx„

and so by (19)

lim sups„ ^ s + 0(5llp').

On allowing here 5—»0 we get

lim sup s„ ^ s.
n—»»

Furthermore, since

5 pK pKa+r>~1 pK

(22) - X„Jn =   I     A(u)du -   I ^ («)</«+  I [sn-i4(«)]¿*
1+5 J0 Jo Jx,(i+S)-1

and since sn = A (X„),

i„ — A (u)   =   E Cn-»   for  Xn-ft-l ^  «  <  X„_ft,    k è  0.
»=0

Now if £ ̂  1, and X„_* >« ^X„(l + 5)-1, then

ft-i ft-i

/ . Cn—y =    / ,  ^ |  Cn—v j £n—v)

y—0 0

/     n \ II i>   _, ,

=  ( E ( I c» I — c') À»(À» — À»-i)      )    X„_ft(X„ — X„_ft)      ,
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and

- £ c„_, ;g ——X„    ( —— )     0(X„  ) =0(0     ).
o X„ \1 + 5/

Furthermore, by (6"),

(21') - c„_, g | c„_* | - c_* = O U-J     J.

Hence under either one of the assumptions Xn+i/X„—>1, or lim infn<ooc„^0, it

follows from (22) that

lim inf s„ £ s- 0(b)llv'),
«-»»

and on allowing 5—>0,

lim inf s„ ^ s.
n—»oo

This yields

Theorem 4. 7/ (1), (2) and (6") AoW a«¿ if at least one of the additional

conditions

(a) -^- -> 1, (b) lim inf c„ ^ 0
X» il-

ls satisfied, then £,°°c» converges to s.

Notice that conditions (1), (2) and (6") imply

X (x — X„)c» ~ s- x,  and lim sup s„ :S s,

but not the convergence in general. Even the more restrictive condition

Xnc„ > - K(Xn - X„_i) (» - 1, 2, 3, • • • )

does not imply the convergence, as is shown by an example of Ananda-Rau

[2].
8. We now shall state a theorem which includes as special cases not only

the results of Landau and Neder but also condition (3) and even Theorem 3.

On putting

i/-„(5) = maximum | sn+k — sn \, ^„(5) = 0 if Xn+k > X„(l + 5),
X„+iSX„(l+i)

let us assume

lim supiA„(5) = i£(5) -* 0 as 5 -> 0.
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This can be written in the form

lim sup maximum   | Aix) — /l(Xn) | = ^(5)—>0,  5—»0,

(23)

or

(23') | Aix) - AiK) | < t for X„ ̂  * ^ (1 + <5)Xn, 5 = Ô(É).

This condition is satisfied automatically if we have a series with gaps, that

is, if for a constant 6 > I

X„+i > 0X„ in = 1, 2, 3, • • • ).

Assume the conditions of Theorem I', so that

E ix — X»)c» = Axix) ~ s-x,   x —■» oo .
X,<i

This and (23') hold if we assume (2) and (6').

Now using (19) and (23') we get

lim sups„ ^ J + e,   lim inf sn ^ s — t.
n—* » n—* oo*

Since « is arbitrary, it follows that

lim sn = lim Aix) = j.
»-•00 I—»00

Thus we obtain

Theorem 5. Conditions (1), (2), (17) and (23) imply

oo

E c> = s-
y-X

9. Hardy and Littlewood have proved that from

EL——)k|'+1< », p>0,
»=i \X»       X»_i/

and from (2) follows the convergence of Ec»-  ine following generalization

is an easy consequence of Theorem 4.

Theorem 6. Conditions (1), (2) and

00 /      X       V
E(:—V")(k| - c,y+i < », p>o,
»—1   \X»    -    Ay-X/

imply Er=ic'=J-



1936] SUMMABILITY OF DIRICHLET'S SERIES 129

For now we have

hence condition (b) is satisfied. Moreover on setting

"  /      X       V
«. = X(:—'-— )(\c,\ - cy)p+\

n n—1

X ( I c, I - c.y+'Xf+KK - X,_i)-" = m„X„ - £ «,(Xh.i - X.) = o(Xn) ;
1 1

(6") holds a posteriori and Theorem 6 is proved.

Finally we observe that condition

n

(6a) £ af\f iX, - X^i)1"» = 0(X„),
i

where a, stands for | c, \ or for | c„ | — c,, is equivalent to the following: there

exists a constant g > 1 such that

(6b) X)  <*,'(*, - X-i)1-" = Oix1-*) as *-» oo .
x<X,,^0x

For from (6a) it follows that

X   of(X, - X.-i)1-" g ar»   £   afXf(X, - X,-!)1-"
x<X,£2x x<X»g2x

= Oía:1-") .

Conversely on putting x, =\ng~"iv = 0, 1, 2, • • • ) we have

n

£a,'Xf(X. - X,_,)1-* =  X       £     a^X^Xi-X*-.)1-*
1 >-       a;v~i<Xfr=ï z*

á £*?      £     at"(Xt- Xt-i)1-^,

and by (6b)

¿a'x^x, - x^i)1-" = o( Xit,) = o(x„ X r') = o(x„).*

* After this paper was completed and sent to the editors, the author learned of an interesting

paper by G. Ricci, Sut leoremi Tauberiani, Annali di Matemática, (4), vol. 13 (1935), pp. 287-308,

where bounds for oscillation of A(x) are given, under the assumptions (2') and A(y) — A(x)> — K

for Og:ráyá*(!+//)•
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