CONVERSE THEOREMS OF SUMMABILITY
FOR DIRICHLET’S SERIES*

BY
OTTO SZASZ
1. Let the Dirichlet series
1) Fit) = 2 ce™, O0<A <A< - ,A\—>x,

y=1
be convergent for £>0. Let, in addition, the limit

(2) limF(t) = s

t—+0
exist. It is well known that this is certainly the case whenever the series
> ¢, converges. But the converse, in general, is not true, as is shown for in-
stance by the example N\, =», ¢,=(—1)”,

F(@) = Z (—1)yet=—et1l+et)y1—>—3 ast—0.
1
Thus we are led to the problem of finding additional conditions which to-
gether with the assumption (2) would assure the convergence of D c..
Such conditions are the following:

)\n - xn—l .
3) G =0{————Jas n— o.}
An
. . )\u+l
(4a) lim sup maximum I Sn— Sm ] = y(8) >0 as § — 0, -1,
m—o N, (148)715N, SN, (149) n
and
(4b) sn=2.¢ =0(1) as n—
y=1
[Landau, 6].

* Presented to the Society, April 20, 1935; received by the editors February 17, 1935.
1 See Littlewood [7] in case Ay1/A—1, Hardy and Littlewood [4] in case
An
lim inf =2 > 1,

n—r 0 n

Ananda-Rau [1] for the rest. The numbers in brackets refer to the list at the end of this paper.
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S(1+d)z >‘n+l

(5) lim sup >, Ick|=n(6)—>0a56—é0, —1
Landd ZSN\g n
[Neder, 8].
i An+l
(6) 2lalnrn = Ma)P =00, p > 1, -1
=2 n
[Szasz, 9].
(7) lim inf minimum ) ¢, = ¢(8) >y = 0 as $— 0
=0 2SN S (14-8)2
[Szasz, 10].

2. The proof of (5) can be reduced to the special case N, = » without using
the condition A.;1/A\,—1. Thus condition \..1/\,—1 can be omitted in (5).
Indeed, let

14 s
Eck=bn Zlck|=ﬁv v=1223---).
—1<N; —1<Ax

Then for any 6 >0
| 6,| <8, < () + 5, for v.> n(s),
so that

lim b, = lim B, = 0,
(8) y—00  amd ]

and the series
&) = 2 be
y=1

converges for £>0. Moreover

© <v hd <v
FO) ~ |fO] = |2 X ale™ —e)| =X Zlalleen—e).

r=1 r—1<A\; =1 r—1<A\;
Thus by (8)

|F@) — /)| = (1 — )X Be Dt 50 as t—0,
r=1

and, by (2),
(2%) f@®) » s as t— 0.

Since
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S(1+d)=z SU+d)z

2 b= 2 el

z<» z—1S\g
and

1
A4+dr=(1+ 20)(z=—1) forxg?-l-Z,

S48z
limsup X | 5, < 7(26) >0 as 6— 0.

x—® zS»

Consequently b, converges, which in view of (8) implies the convergence
of X ¢t

3. A similar reduction and generalization is possible for the case (4). Since
the expression e **—e* is >0 and monotonely decreasing in k, we have,
by (4a),

<V

Sz
D a(e™ — et | S (Dt — eymax| D o
y—1<Ag EET PSPV

S (1 —et)e tDip(l) as v— o,
Hence again
F@) — f(¢) >0, f(t) > s as t—>0.
Now on putting Db, =B, we have
14 sn sm
B,.=Z Lck=zck, B,.—B,,.=Eck,n<m,
v=1 r—1<Ng 0<Ng n<Ag

and, by (4a),

lim sup maximum | B, — Bn| = ¢(8) — 0 as § — 0.
m—o  m(1438) 1 <nSm(149)

We conclude that > _b, is convergent and from

=z
2 o

r—1<Ng

lim max =0

x—o xSy

the convergence of Y ¢, follows immediately.
The results of Neder and Landau without the assumptions A\,;1/X,—1 and
(4b) can also be derived from (7), for

minimum ) ¢, = — maximum | Y ¢, |.
23N S (148)2 T3NS (14-8)2

Finally, in (6) also the restriction A..1/A»—1 can be removed. During the

t For a similar argument see Ananda-Rau [3].
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writing of this paper there appeared an interesting paper by Iyer,* where a
proof of this generalization is given. In the present paper I give a proof which
is somewhat simpler, and a further generalization.

4. In what follows it is simpler to use Laplace integrals. We intend to
prove two auxiliary theorems which are of interest in themselves.

THEOREM 1. Assume that

1) F(@) = tf A(u)etdu converges for t > 0,
0
2% Fit) >s as t—0,
9) v(x) = xA(x) — sz(u)du = — Kx, x>0,
0

where K is a positive constant. Then
1 1 z

(10) ———Al(x)E-—f A(u)du — s as x— © .,
x X 0

IFor the proof we need three lemmas.

LEMMA 1. Assumptions (1') and (2') imply that the integral

“1
F\(2) = tf — A (u)e#tdu
o %
converges for t>0 and
(11) (i) > s as t— 0.

On integrating by parts in (1”) and using (2’) we have

F@) = t2f A(u)e“tdu —s, t—0,
0

where the integral converges absolutely for £>0. Hence

°0 L @

fx‘2F(x)dx=f zll(u)duf e tdx
t 0 t

“1 1
=f — Ay(w)etdu = O(——), t— 0.
0o 1 t
Now

3 dx f »
F@) — Fi)) =4 | FO-F@]5 = ¢ [+ [ e<n,

* [5]. In the proof on p. 112 the author refers to his Theorem 4 in the statement of which the “O”
is to be replaced by “o0,” as is seen from the proof.
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whence
|F@) — F\(0) | < max, |F(t) — F(x) | + #2| F@) | + 0@t/?) — 0,
15xS5

and so, by (2'), F.(¢) —s as t—0.
Lemuma 2. If a(x)—0 as x—, then

(12) tf a(u)e*'du — 0 as t — 0.
0

This lemma is well known.

LemMA 3. If xb(x) —0 as x—x, and
(13) [ b(u)e*du — B as t— 0,
Jo

then the integral [ b(u)du exisis as an improper integral and

(14) f»b(u)du = B.
We have '
j; “bw)du — fo b(w)evtdu = j; ")t — evtydu — f b (u)evids
= H, — H,.

For t=1/x, x— it follows that

l z
| H,| = -—f u| b(u) | du = o(1),
X Jo

| Hy| = o(f u‘-‘e“"/‘du) =0 (—f e‘“/"du) = o(1).
x X z

We now pass on to the proof of Theorem 1. From (2’) and (11) it follows that

* v(u)
t —=—¢du —0 as t >0,
0 n

whence

“ / v(u)
lf ( + K)e"du— K as t— 0.
0 "

By a well known theorem, this and (9) yield
“ [ o(u)
f (————+ K)du~ Kx as x — o,
0

"
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or

1 1 r=o(u)
(15) —Q(x)s—f du—0 as x— o,
x xJo u

Furthermore,

d Ay(x)

o(x) = 24(x) — Ai(x) = 22 — .
dx

x

On assuming, as we may without loss of generality, 4(x) =o(x) as x—0, we
have

(10") du,

x u?

Ai(x) _ f"”(u)
0

and, on integrating by parts,

z 1 z ‘
fo o(u) du = ;vl(x) + 2]; vl(;u) du; (%) EL v(u)du.

u? o

Thus (11) becomes

®/r1 "‘Dl(T)
11y  F.@) = tf (—— v1(u) + 2f dr) evdu—s, t—0.
0 u? 0 78

But on integrating by parts we have by (15)

z

(16) 11(x) = x®(x) —j; d(u)du = o(x?) as x— oo,
whence, by Lemma 2,
tj:)”u‘zvl(u)e‘"‘du —0 as t—0.
Now from (11’) it follows that
2t fo i ( fo u-r"vl(-r)dr) evdu—s as t—0,
or, on integrating by parts again,

2 f u 3 (u)evdu — s as t — 0.
(1]

Lemma 3 shows that

2 f w3y, (u)du = s,
0
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whence, by another integration by parts and by (16),
f u2(u)du = s.
0

Combined with (10’) this proves Theorem 1.
5. In order to apply this result to the series (1) put
Ao = 0, So = 0,
A(x) = sp for Ay = 2 < Ay (n=0,1,2,-.-).

A summation by parts yields s, =o(e**), ¢>0, and

0

F@t) = 2 s,(e™t — ehnt) = ¢ f A(u)etdu, t > 0.
[]

ya=1

Furthermore, for A, <x <A1,

sz(u)du = i (>\v - kr—l)-‘;v-l + (x - xﬂ»)sn
0

y=1

n

= E (x = N)e, = Z (x — N)er.

y=1 Mw<z

Thus it appears that (1/2)f;4 («)du is the typical mean (R, \) of the first
order of the series ) ¢,. Again

n n
”(x) = AaSn — E ()\v - )\-—l)sv—r = E MGy A = 2 < Mty

v=al ya=]
or
o(®) = 2 MGy
WSz
Now assume
17 T = 2 M6 = — K\, (n=1,23---).
r=1

Then

v(x) Un KX\,

=_§_ g—K,)\,.éx<)\,,+1,

x x X

and Theorem 1 yields
THEOREM 1’. Conditions (1), (2) and (17) imply

(18) > (= Ne, = sz(u)duN sx, x— ©,
WM<z (i
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6. Next we prove

THEOREM 2. Let

(18) > (2= N)oy~sx, x— 0,
W<z
and let
6" Z| c,IPX,"()\. —M)I?P=0,) as n—> 0, p>1.
=2
Then

sa=AQ,) > s as n— o,

We start with the identity

hasa = fo O ey — fo ™ 4 ) de — j; o [A@) — AQ\)]dx,

n

or
1 (148)Ag 146 1 An 1
Sa = ———f A(u)du- —— | A(w)du —
A4+, 8 AJo é
(19) 1. (14+8)Aa
-— [A(m) — AQ\)]du, 6 > 0.
\n V,
Here

Cntry xn-H: § u < An+k+1, k g l,
1

(20) Aw) — AQ\,) = { P
0, A= u< i,

and
nt+k nt+k nt+k A — x'_ 1/p’
Z & § Z I Cvl = Z I Cvl )\r(xr - xr—l)—”p’ (——‘_—l)—
r=n+1 r=n+1 y=n+1 Ar

By Hélder’s inequality and by (6"),

n+k ,
>l el = OEA i — A7, L
n+1 ? - 1

Since Aoy S % < (14 8)\,, we have

ntk
E' CDI = 0[(1 + B)l/l’al/p'] - 0(6"“”),

n+1
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and
A(u) — AN,) = 00Y?), Ma<u = (1 + 8N, n—> .,

For a fixed § it follows from (18) and (19) that

lim sup s, < s + O(64/7"),

n—o

and, on allowing 6—0,

lim sup s, < s.

7%—> 0

A similar argument shows

lim inf s, = s,

n—o

which completes the proof of Theorem 2.
Theorems 1’ and 2 immediately yield

THEOREM 3. Condition (2) and (6') imply that 3 “c, converges to s.

It is plain that (6’) implies the convergence of (1) for £>0. It remains
only to observe that (6) implies (17). Indeed

Z )\vl Crl = E )‘rl CVI ()\r - )\v—l)_”p’()" - A'—l)”p,
=1 1

< ( ;l o |2\ — x.-l)'-v)”p( ; o - x.-x))

1/ p+1/p’

=0\,

1/p’

) = OM\,).

7. Another generalization of (6) is

(6”) Z (I Cvl - CV)")\vp()\v - )‘V—l)l_p = O()‘n)’ ﬁ > ]1 n— o,
1

while

(21) lim inf ¢, = 0.*

n— 0

It can be derived from (7), but we can prove it directly, by an argument used
above.
First we have

* 1f Any1/N—1, then (21) is a consequence of (6”) as will be shown later (cf. (21')). For the case
M= n cf. Szész [11].
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n n n e Y54
DI WA 30 W{ P Y I [Z (e = )N = M) ’] Als?
1 1 1
= O(\.).
Hence by Theorem 1/, (1), (2) and (6’’) imply
> (=N = f A(u)du = Ay(x) ~ sx, x> ©.
NSz 0
Next we have
nt+k n+k
—Zcr = Z(lcvl_cv)
n+1 n+1
n+-k 1/p
= [ Y (ol =)Mo - x._l)“’] AriOnsk — A2
n+1
hence by (20)
1 (1+8)Ny
- [A(w) — AQW)]du < OO T "8y = 0™,
n Y Apy
and so by (19)
lim sup s, < s + O(8Y/7").
%> 0
On allowing here §—0 we get
lim sup s, < 5.
Furthermore, since
) M Ag (148) 1 An
(22) —— Apsn = f A(u)du — f A(u)du + [sa — A(n)]du
149 0 0 A+t

and since s,=A4A(\,),

k
Sp— A(u) = E Cny FOF Ap—p—1 S % < Mp—i, R 2 0.

r=0

Now if 221, and Na—x >#2N.(1+5)7, then

- Z Cn—v = 2 (l Cu—rl Cu-—r)

v=0

') 1-p\"" -1 %
< Z (|| = )N = A2d) MkQn — Aat)

n—k+1
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and

k=1 1446 l/p’( 0 )1 Yo Yp'

- n—r é Aﬂ» O x = 0 6

zo: c = 153 A7) @ ).

Furthermore, by (6”'),
Mok — An_ 1/p’
(21) — Gk S| ak| = ok = O<<—k)\—h_l) )
n—k

Hence under either one of the assumptions N,41/M\.—1, or lim inf,..c. 20, it
follows from (22) that

lim inf s, = s — O(8'/7"),

n— o

and on allowing 6—0,

lim inf s, = s.

This yields

THEOREM 4. If (1), (2) and (6’’) hold and if at least one of the additional
conditions

)\n+l

(a) -1, (b) lim inf ¢, = 0

x” n—oo

is salisfied, then Z: ¢, converges to s.
Notice that conditions (1), (2) and (6””) imply

> (*x = MN)e~s %, and lim sups, < s,
W<z noe

but not the convergence in general. Even the more restrictive condition
Acn > — KQn — Aac1) (n=1,2,3---)

does not imply the convergence, as is shown by an example of Ananda-Rau
2].

8. We now shall state a theorem which includes as special cases not only
the results of Landau and Neder but also condition (3) and even Theorem 3.

On putting

¥a(8) = max1mum | Satk = Sn|, ¥a(®) = 0 if Aayx > (1 + 3),
Mgk SN, (14

let us assume

lim supy¥,(8) = ¢(8) > 0 as § — 0.

n—
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This can be written in the form

lim sup maximum | A(x) — AQ\.)| = ¢(3) >0, 50,

noo A SzS (148N,
(23)
or
(23) | A(x) — AQ\) | < € for A, < & < (1 4 )\, 6 = 3(e).
This condition is satisfied automatically if we have a series with gaps, that
is, if for a constant 6 >1
Anp1 > OA, (n=1,2,3--).

Assume the conditions of Theorem 1’, so that

Z (—N)o =A41(x) ~s-x, x— o,
Nz

This and (23’) hold if we assume (2) and (6).
Now using (19) and (23") we get

lim sups, = s+ ¢, liminfs, = s — e.
R0 n—of

Since e is arbitrary, it follows that

lim s, = lim A(x) = s.
r—w

7—>00

Thus we obtain
THEOREM 5. Conditions (1), (2), (17) and (23) imply

©
ZC,= S.
p=1

9. Hardy and Littlewood have proved that from
(=21
[ — ) pt1 < oo , 0
v=1 (xv - >\v—l> ‘ l p> ’

and from (2) follows the convergence of Y ¢,. The following generalization
is an easy consequence of Theorem 4.

THEOREM 6. Conditions (1), (2) and

© x’ °
E(i——-—)(lc.l — o)t < o, p>0,

=l - x)v—-l

. L
imply 2,_6»=S5.
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A — Ao\ D
-6 = o((——;———) ) = 0(1),

hence condition (b) is satisfied. Moreover on setting

n A' Il
“T Z(K‘TC) (lal = ar,

For now we have

Cy

n—1

Z (l C,l b Cp)’+‘)\,’+l(>\y - )\r—-l)—p = “n)\n - Z “v(xﬂ-l - xv) = 0()\,,);
1

1

(6’") holds a posteriori and Theorem 6 is proved.
Finally we observe that condition

(63') Z alN? (X. - xv-—l)l"p = O(An)’
1
where a, stands for |¢,| or for |¢,|—c,, is equivalent to the following: there

exists a constant g>1 such that

(6b) > aP(\ — Mop)? = O(x17?) as x— .

z<\,Sgz
For from (6a) it follows that

S e = M)TP S 2P Y aPAP(N — AP
z<\y S22z <MvS2z

= O(x'-7),
Conversely on putting x,=N.g"(»=0, 1, 2, - - - ) we have

S aN — AP = 2 > a@AP (O — M)
1

v 2r1<N S 2y

IIA

wP D a? (e — Meo))?,
v 2y—1<N\ S 20

and by (6b)

Z": PN\ — NP = 0( > x,) =0 (x,. > g") =0(\,).*
1 0

14

* After this paper was completed and sent to the editors, the author learned of an interesting
paper by G. Ricci, Sui teoremi Tauberiani, Annali di Matematica, (4), vol. 13 (1935), pp. 287-308,
where bounds for oscillation of A(x) are given, under the assumptions (2) and 4(v)—A(x)>—K
for 0sxsy=<x(1+H).
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